The electron density map of a block copolymer thin film having the hexagonally perforated layer (HPL) structure was directly obtained from the measured grazing-incidence small-angle X-ray scattering (GISAXS) pattern, exploiting the multiple-scattering phenomena present in GISAXS. It is shown that GISAXS is in principle equivalent to three-beam diffraction, which has been used to extract phases of diffraction peaks. In addition, X-ray reflectivity analysis has been performed which, when combined with the GISAXS results, provides full details of the HPL structure. research papers J. Appl. Cryst. (2007). 40, 496-504 Byeongdu Lee et al. Electron density map using multiple scattering 497
Introduction
Organic thin films have received much attention in nanoscale applications because of their variety of morphological structures, as well as physical and chemical properties. Block copolymers are among the most studied thin-film nanotemplate materials, and the hexagonally packed cylinder (HEX) and the lamellae (L) (Bates et al., 1995) are their classic morphologies. Recently, the hexagonally perforated layer (HPL) morphology, which is known to be metastable in the bulk (Matsen & Bates, 1997; Vigild et al., 1998) , and the gyroid (G) morphology have been reported in thin films . The layer with HPL morphology in a polystyrene-bpolyisoprene (PS-b-PI) diblock copolymer orients preferentially parallel to the surface of the SiO x /Si(100) substrate and undergoes phase transition to the G structure epitaxically, which has been studied by grazing-incidence small-angle X-ray scattering (GISAXS) .
The GISAXS technique has been used to study either surface or inner morphology of thin films on a substrate Busch et al., 2006; Stein et al., 2007) . In GISAXS measurements, the incident angle is usually fixed at a certain angle unless the structure of the film with respect to the X-ray penetration depth is of interest. The incident angle is typically below the critical angle of a substrate to gain the advantages of signal enhancement and to access the smaller q ranges, which increases the complexity of the GISAXS pattern due to the multiple scattering. In GISAXS of a substratesupported nanostructured film, multiple scattering (Renninger, 1937; Chang, 2004) refers to a phenomenon where the scattered waves from the film/substrate interface are again scattered by the nanostructures within the film. In this case, the terms multiple scattering or diffraction include the interference between the scattered waves. Although the positions of diffraction peaks could be predicted by simple geometric considerations in reciprocal space (Cole et al., 1962) , their intensities resulting from the interference should be described by the dynamic theory (Chang, 1982; Shen, 1998; Chang, 2004) instead of the kinematic theory. In our previous work , we presented a kinematic way to understand multiple scattering/diffraction in GISAXS by taking into account the reflection and refraction effects, in which one additional set of diffraction peaks are generated by the reflection of an incident beam on a substrate surface. In this paper, we will discuss the interferences between the two sets of peaks with the dynamic theory, exploit them to determine the phase of the diffraction peaks of a PS-b-PI block copolymer thin film having the HPL structure, and finally calculate directly the real-space density map from the scattering pattern.
The dynamic scattering theory has received attention because of it's potential to determine phases of diffraction peaks (Chang, 1982 (Chang, , 2004 Colella, 1974 Colella, , 1996 . As we will show in this work, multiple diffraction from GISAXS is in principle equivalent to three-beam diffraction. The threebeam diffraction theory has been used to determine the phase of diffraction peaks of a single crystal and is referred to as reference beam diffraction (RBD), where a strong reflection plane is used to generate the reference beam that will interfere with other reflections (Shen, 1998) . Since the multiple scattering should be strongly incident-angle dependent, we performed incident-angle-resolved GISAXS (IAR-GISAXS), which measures a series of GISAXS patterns at different incident angles. While RBD utilizes a diffracted beam as a reference beam, IAR-GISAXS uses the reflected beam. While RBD is applicable to the atomic scale and requires a well grown single crystal, IAR-GISAXS is applicable to the nanometre scale and does not require a single crystal. Our film sample is composed of multigrains oriented randomly in the in-plane.
Background

Structure of HPL
The stacking sequence of the perforation in HPL morphology, which may be modeled as either ABC or AB arrangements, has been a subject of interest (Hamley et al., 1993; Zhu et al., 2003) . The ABC stacking has a rhombohedral symmetry, whereas the AB stacking has a hexagonal symmetry. In the special case of close-packed structures, the ABC and AB stacking structures correspond to face-centered cubic and hexagonally closed-packed phases, respectively.
In thin films of block copolymers, the difference in the affinity of each block to the substrate surface controls the orientation of the block domains (Knoll et al., 2002) . As a result, the HPL layers of PS-b-PI are oriented parallel to the substrate in a thin film , and thus the c axis of the ABC or AB reciprocal lattice would be normal to the film surface, as shown in Fig. 1 . While the structures are preferentially aligned along the out-of-plane direction, they are random in the in-plane direction; the term 'two-dimensional powder' is used to refer to the latter. The measurement geometry for the two-dimensional powder is shown in Fig. 2(a) , where the c axis of the hexagonal lattice (thick broken arrow) and an incident X-ray beam are on the same plane. The trace of a family of its diffraction peaks, which is a circle for the two-dimensional powder samples, crosses the Ewald sphere at two points (see Fig. 3a ). For two-dimensional powders, the lengths of the scattering vector of the reflection hkl in the hk plane and along the l direction are designated as q hk and q l , respectively.
In this work, we limit ourselves to reflections of the 00l and {10l} families, the intensities of which are strong enough to measure their variation as a function of the incident angle. Because of the extinction rule of the hexagonal ABC structure (ÀH + K + L = 3n, where n is an integer), 003n are only allowed for 00l, and f1 0 3n þ 1g and f " 1 1 0 3n þ 2g are allowed for the {10l} families. In this work, we assume that the unit cell of the HPL is centrosymmetric and thus the amplitudes of all reflections in a family are the same (Yang & Huang, 2003) ; for example, amplitudes of the 101, 0 " 1 11 and " 1 111 reflections in the {101} family are the same, as are those of " 1 102, 012 and 1 " 1 12 in f " 1 102g.
Figure 1
Schematics of the substrate-supported block copolymer thin film containing the HPL structure. Position vector r = (r || , z). The HPL has layered structures, which are oriented parallel to the surface in this work.
Figure 2
(a) GISAXS geometry and angle definitions. i and f are the incident and exit angle along the out-of-plane direction, respectively, and 2 f is the exit angle along the in-plane direction, where the incident angle along the plane 2 i = 0. À i is the angle for the reflected beam. Wavevectors k i and k f are for the incident and exit waves, respectively. Three components of the scattering vector q = (q x , q y , q z ) are shown. (b) Definitions of refracted out-of-plane angles. 
GISAXS
The multiple scattering that is present in GISAXS for a substrate-supported thin film has been expressed by the dynamic theory in the frame of the distorted-wave Born approximation (DWBA) Busch et al., 2006) . In this section, we provide a brief overview of the theory of GISAXS.
The DWBA is the application of first-order perturbation theory. In this theory, the scattering potential of the substratesupported block copolymer thin film containing the density fluctuation (or microphase separated structures) is divided into two: the stepwise density profile along z from an ideal homogeneous film on the substrate, and the density fluctuation in the film (see Fig. 1 ). The electric field forming in the homogeneous film serves as an incident wave to generate the scattered wave excited by the perturbation in the film. The incident electric field at position r = ðr jj ; zÞ in the homogeneous film is given by
where R i and T i are the amplitudes of the reflected and incident waves in the film, with thickness and average electron density of d and " , respectively.k k jj;i andk k z;i are the in-plane and out-of-plane components of the incident wavevectork k i in the film, where the tilde denotes quantities in a polymer film and which are thus refracted. k jj;i is free from the refraction. The other eigen-state of the electric field can be represented by a time reversal state of the incident wave:
Since the scattering potential V is the electron density fluctuation about the mean value " , it can be defined as V(r) = r e ½ðrÞ À "
, where is the total volume of ðrÞ 6 ¼ " , r e is the classical electron radius, and ðrÞ is the electron density at r in the film. Then, the perturbed electric field, or the scattered wave, can be expressed as
where r is the distance between sample and detector. Since the out-of-plane components of both i and f have two terms, that of the scattered wave sc would comprise four terms represented by four combinations ofk k z;f andk k z;i : q 1;z = k k z;f Àk k z;i , q 2;z = Àk k z;f Àk k z;i , q 3;z =k k z;f þk k z;i , and q 4;z = Àk k z;f þk k z;i ;
where F = F 0 ðq jj ; q z Þ expðÀiq z z 0 Þ, F 0 and z 0 are the Fourier transform and the location of the center of mass of V, respectively, and q jj = k jj;f À k jj;i . Sincek k z;i and Àk k z;i are wavevectors of the transmitted and reflected beams, hereafter we will designate Re(q 1;z ) and Re(q 3;z ) as q z;t and q z;r , respectively. Finally, the differential cross section of structures in the film is given by
where A is an absorption factor originated from imaginary terms of q z components. The scattering vector q = ðq x ; q y ; q z;X Þ in equation (5) is calculated by
where X = t or r for + or -, and the tilde indicates the refracted angle. Definitions of these angles are shown in Figs. 2(a) and 2(b). k 0 is the wavevector in vacuum. There is no tilde on 2 f because the X-ray beam is not refracted along the in-plane direction. The refracted angles are calculated based on Snell's law, n f cos = cos , which applies to both the incoming and outgoing beams shown in Fig. 2(b) . Furthermore, the refractive index of the film n f = 1 À þ i 1 À 2 c =2 þ i and c = ðr e " =Þ 1=2 (Als-Nielsen et al., 1994) , where c is the critical angle of the film, and is a wavelength.
Before moving on to next section, we would like to point out that the equation (5) indicates that two reflections occur simultaneously in GISAXS; the scattering vectors of the reflections are q t = ðq jj ; q z;t Þ and q r = ðq jj ; q z;r Þ. Their incident wavevectors are those of the transmitted (k k z;i ) and reflected (Àk k z;i ) beams in the film, and hence it implies that the two reflections are excited by the two beams, respectively. In this paper, we use subscripts t and r to reflect their origins. When the interference of scattered waves, F(q t ) and F(q r ), is ignored, GISAXS could be understood as a sum of kinematic scatterings by the two incident beams: a concept introduced in our previous work .
Effect of refraction and reflection in GISAXS
In this section, we discuss how Bragg's law has to be modified in GISAXS to take into account the two factors: refraction and reflection. If there is no reflected beam, the reciprocal lattice and the Ewald sphere are drawn conventionally in red as shown in Fig. 3(a) , where positions of the two diffraction peaks are incident-angle independent unless the refraction of the transmitted incident beam is considered. For the two-dimensional powder, traces of diffraction peaks are circles, and hence two peaks from a family are located symmetrically across the f axis. Since the angle of the reflected beam with respect to the transmitted beam is 2 i (see Fig. 2a ), the incident angle of the reflected incident beam to the scatterers in the film is different from that of the transmitted one by 2 i . Thus, the Ewald sphere for the diffractions by the reflected beam has to be rotated by the same amount of angle in the plane of incidence and so has the reciprocal space (h 0 , k 0 and l 0 ), which is shown in blue in Fig. 3(b) . As a result, two positions of a reflection hkl by the two beams, respec-research papers tively, have to be separated from each other by as much as 2 i . For example, the 100 reflection is shown as solid dots in Fig.  3(b) . The blue dots, 100 reflection by the reflected incident beam, and the red dots, 100 reflection by the transmitted incident beam, are apart by 2 i .
In GISAXS, the Bragg condition for the hkl reflection is
where q jj = jq jj j. There will always be two sets of diffraction peaks by the two incident beams as long as the reflectivity, R i in equation (5), of the substrate is kept high; otherwise q z;r is meaningless. The relations between q and angles (not the refracted angles in the film) are given by equation (6) and Snell's law. Along the in-plane direction it is the same as the general expression, q jj = 2k 0 sinð2 f =2Þ, whereas the general expression along the out-of-plane direction is modified to take into account the refraction in addition to the reflection, as explained above:
where d sp is a d spacing of interest. The positive and negative signs in equation (8) are for X = t and r, respectively.
The three-beam diffraction
In this section, we will briefly introduce three-beam diffraction (Cole et al., 1962; Colella, 1974; Chang, 2004) , which deals with the simplest case of multiple diffraction (Colella, 1996; Chang, 2004) . In the dynamic theory, two-beam diffraction refers to an ordinary diffraction, where the incident beam and only one reflected one are strong, and N-beam diffraction is the generalized multiple diffraction, in which strong N À 1 reflections are expected in addition to the incident beam. Later (x4) we will discuss similarities between GISAXS and this theory.
Three-beam diffraction has been used to determine the phases of reflections of a single crystal (Chang, 1982; Colella, 1996; Shen, 1998) . Fig. 4 illustrates the propagation of waves in a crystal ( Fig. 4a ) and the Ewald sphere ( Fig. 4b) for the threebeam diffraction. To realize three-beam diffraction, the crystal is first aligned for a selected reflection G, called the primary reflection, to generate the G-reflected wave k G which can serve as a new incident wave. When the crystal is rotated about the normal of the corresponding lattice planes of G, keeping the Bragg angle of the primary reflection constant, the original incident beam k i may produce another reflection H. When this happens, the new incident beam k G always generates the third reflection HÀG, whose doubly diffracted wavevector k HÀG = k G + H À G is parallel to the original k H of the H reflection. Then, the two diffracted waves k H and k HÀG interfere with each other; the phase difference of the two waves is = HÀG þ G À H , where HÀG , G , and H are phase shifts by the reflections HÀG, G and H, respectively. Note that the k G -excited wave k HÀG has a phase shift of HÀG plus G that already exists in the k G wave caused by the reflection G. Since the phase of the G-reflected wave can be dynamically tuned by slightly rocking the crystal angle (corresponding to i in GISAXS) through the G-reflection rocking curve, can be determined by measuring the interference profile, or intensities of H, I H , as a function of : (Shen, 1998) , where R G ðÞ and v G ðÞ are the reflectivity and the phase shift associated with the dynamic diffraction for the primary reflected wave k G , and are known or can be approximated, respectively. is determined by fitting the equation to the measured I H ðÞ, which varies significantly in shape. In general, the width of R G ðÞ is very small compared with the Bragg angle of G ( G ), and hence rocking width Á ( G . Indeed, it has to be noticed for three-beam diffraction that the two reflections H and HÀG interfere when the reflection G is in the Bragg condition.
Experimental
Materials and sample preparation
A PS-b-PI diblock copolymer was synthesized by anionic polymerization and characterized with size exclusion chromatography and 1 H nuclear magnetic resonance (NMR). Details of the material preparation can be found elsewhere . The number-average molecular weight of PS-b-PI and the weight fraction of the PI block are 34.0 kg mol À1 and 0.634, respectively. Silicon wafers were cleaned with piranha solution [concentrated H 2 SO 4 /30% H 2 O 2 = 3/1 (v/v)] for 1 h. The substrate was thoroughly rinsed with deionized water. The 10 wt% PS-b-PI diblock copolymer was dissolved in toluene (HPLC grade) and spin-coated onto a silicon wafer at 2000 r.p.m. The polymer film was dried in a vacuum at room temperature for 12 h to remove the residual solvent and then annealed at 393 K for 1 day in vacuum.
IAR-GISAXS measurement
The IAR-GISAXS measurement, which is GISAXS with scanning of the incident angles, was performed at the 12ID beamline at the Advanced Photon Sources in Argonne Wavevectors in a single crystal (a) and the corresponding Ewald sphere (b) for the three-beam diffraction. Wave (k) and scattering (q) vectors for two reflections H and G are denoted by broken and solid arrows, respectively. The color scheme in (b) is the same as that in Fig. 3(b) . National Laboratory. The wavelength of a 1.68 Å X-ray beam was collimated to a 100 Â 35 mm beam size on a sample mounted in a vacuum chamber. Scattered photons were detected using an area detector (MarCCD 165), positioned 2 m from the sample. X-ray reflectivity (XR) was recorded with a photodiode detector, which translates vertically in a vacuum flight path. Dark currents of the photodiode were measured independently and subtracted out.
Result and discussion
4.1. X-ray reflectivity Fig. 5 shows the XR curve of the HPL, which exhibits two distinct modulations: one from the overall thickness of the film and the other from a low-density top layer. The top layer may have hole and island structures at the surface. Together with these modulations, the 003, 006 and 009 Bragg peaks appear. They are not symmetrically shaped, indicating that the reflections interfere with Kiessig fringes because the asymmetric shape is caused by the phase mismatch between the Fresnel reflectivity of the overall film structure and the reflection 00l. The asymmetric shapes of the 00l reflections are correlated with the distance between the first layer of the HPL structure and the surface of the Si substrate, and their relative intensities reflect the relative thickness of the PI and perforated PS layers. The one-dimensional electron density map obtained by fitting the XR curve with a multilayered model is shown in Fig. 5(b) . As done in the derivation of GISAXS theory with the DWBA in the x2.2, the XR from the whole multilayered structure could be separated into two parts, one from the homogeneous film on the substrate and the other from the density fluctuation in the film, as follows (Sanyal et al., 1993) ,
where r and fluc are the Fresnel reflectivity of the homogenous film on the substrate as defined in x2.2, and the Fourier transform of the density modulation in the film, respectively. The separated electron density maps, those of the homogeneous film [ 1 ðzÞ] and the density fluctuation [ 2 ðzÞ] in it, are shown in Fig. 5(b) . Note that the density fluctuation in this case is due to the lamella structure, and thus fluc is the same as with the structure factor of 00l reflections, 00l .
Since the variation of the electron density of the homogenous film is much stronger than that of the inner film, as shown in Fig. 5(b) , the intensity, which is proportional to the square of the variation of the electron density, of 00l is much weaker than that of r. In order to determine the inner structure more precisely by the reflectivity method, one may increase the contrast of 00l . Thus neutron reflectivity has advantages in the study of polymer films because one can use the deuterated component to enhance the contrast (Mayes et al., 1994) . The same effect could be achieved by removing r instead of varying 00l . The advantages expected by removing r will be significant, since contributions of surface structures, which might induce unknown oscillations in XR, will be neglected. Furthermore, effects caused by e.g. inhomogeneous thickness of the films can be avoided. The removal of r can be realized by measuring intensities at q jj > 0 because r drops drastically as the in-plane angle (2 f ) moves away from 0. Then, the equation would be written as
which is simply the equation of ordinary SAXS or diffraction that has a phase problem. Although the removal of r makes the measured intensity more sensitive to the inner structure, it disables the determination of the phase of . A model still has to be built to fit | | 2 , and it is not possible to obtain the electron density map directly until the phase of hkl in equation (10) is known. While the reflectivity also measures the intensity, not the amplitude like other scattering methods, the interference of r and 00l in equation (9) helps to acquire the phase information of 00l and thus the in-plane averaged onedimensional electron density map in Fig. 5(b) . In the next section on GISAXS, we provide a way to determine the phases of without fitting r. We determined the phases of the {10l} reflection family and calculated the electron density map shown in Figs. 8 and 9 for a unit cell of the HPL.
GISAXS
4.2.1. IAR-GISAXS. Fig. 6 shows representative images taken as a part of an IAR-GISAXS scan, in which i is varied from 0 to 0.4 by 0.005 steps. The left-and right-hand sides of each image are exactly the same, suggesting a two-dimensional powder. All reflections are exactly indexed according to a twodimensional powder with hexagonal ABC packing. Selected reflections among the {10l} families are indexed, where subscripts t and r designate transmitted and reflected incident beams, respectively. While the reflections by the transmitted and reflected beams are separated in Fig. 6(a 0.23 , those in Fig. 6(b) at i = 0.26 are overlapped. As i increases to 0.29, the reflections are again separated, as shown in Fig. 6(c) . These changes of peak positions as a function of i become more apparent when the data are plotted as in Fig. 7(a) . The measured IAR-GISAXS images shown in Fig. 6 are sliced along the l direction at q jj = q 10 , and these vertical line-cuts are stacked together to make the contour image in Fig. 7(a) , the horizontal axis of which is the incident angle i , while the other axis is the sum of i + f . In this way, the reflection and refraction effects are easily visualized and determined. When the incident angle is below the critical angle of the film, no diffraction occurs because X-rays cannot penetrate deeply into the film. At the critical angle of the film, peaks start to appear, and each peak splits into two (black for t and red for r) as the incident angle increases. The two sets of peaks are fitted by the modified Bragg equation, equation (8), which yields the lattice parameters, c = 721 and a = 325 Å . As the selection rules for the hexagonal ABC structure predict, f1 0 3ng reflections are all invisible and reflections of the {101}, f " 1 102g, {104}, f " 1 105g, {107}, f " 1 108g, f1 0 10g and f " 1 1 0 11g families (Yang & Huang, 2003) are well discerned. The fitted electron density is 0.32 e Å À3 . The dotted lines in Fig. 7(a) represent four critical angles, c;i;f , c;i;s , c;f;f , and c;f;s : the first two are the critical angle (c) of the film (f) and the substrate (s) at the incident angle side (i) and the other two are those at the exit angle (f). When not necessary, i and f will be neglected. Interestingly, the peaks cross each other, and some higher order peaks appear at lower exit angles, which is not expected in common scattering. Features such as the traces of peaks and crossing positions are explained by the modified Bragg equation. The crossing positions are calculated from the modified Bragg equation as shown in the next section.
4.2.2. Overlapping of the diffraction peaks. The peaks (hkm) t and (hkn) r can overlap when the exit angles of the two reflections are the same. Since their q positions are (q jj , q z;t ) = (q hk , mq l¼1 ) and (q jj , q z;r ) = (q hk , nq l¼1 ), respectively, the incident and exit angles for the overlapping condition are derived using equation (8) The representative GISAXS patterns of the HPL structure on a Si wafer measured at the incident angles of 0.23 (a), 0.26 (b), and 0.29 (c). 
For example, (104) t will overlap with (101) r when i = i;ð10½4;1Þ and f = f ;ð10½4;1Þ , which are about 0.26 and 0.38 , respectively, in this work. An original GISAXS image taken at the incident angle is shown in Fig. 6(b) , in which the two overlapped peaks appear at i + f = 0.64 . When the incident angle is larger than the critical angle of the substrate, this overlapping might not be observed because the reflectivity of the substrate decays exponentially and hence the reflected beam is too weak to generate (101) r reflection. The intensities of these reflections by the reflected incident beam (r reflection) as a function of incident angle are plotted in Fig. 7(b) . Compared with the (101) t reflection, the intensities of all the other r reflections start to drop significantly right above the critical angle of the substrate Si, c;i;s ' 0.24 . The overlapping of two reflections is also explained by the three-beam diffraction theory. Let us utilize the same example above. The reflection H and HÀG in the x2.3 corresponds to (104) t and (101) r in GISAXS. Thus, G = 003. This means that the 104 and 101 reflections would overlap, provided that the 003 reflection meets the Bragg condition. As one can calculate using equation (8), the incident and exit angle (0.26 and 0.38 ) in GISAXS correspond to the Bragg condition for 003 reflection, which is exactly what the three-beam diffraction theory predicts. In addition, since the hexagonal ABC structure comprises three layers, three reflections, 101, 0 " 1 11 and " 1 111, of the {101} family would overlap with 104, 0 " 1 14 and " 1 114 of the {104} family, respectively.
As we introduced before, the intensities of overlapped reflections in three-beam diffraction are a function of the reflectivity and phase of G; those in GISAXS are also expected to depend on the reflectivity and phase of the substrate around the 00l reflection. This will be discussed in the next section.
Phase determination by dynamic diffraction in
GISAXS. In this section, we determine the phase of diffraction peaks by exploiting the overlapping of reflections found in GISAXS. As mentioned before, it is necessary to use the dynamic theory to estimate their intensities resulting from the interference between overlapped reflections. Considering that most reflections appear above the exit critical angle of the substrates, the four terms in equation (1) can be reduced to two. In that case, T f ' 1 and R f ' 0, and the equation is simplified to
The two terms on the right-hand side correspond to the scatterings by two incident beams t and r. When two diffraction peaks, (hkm) t and (hkn) r with diffraction amplitudes of F ðhkmÞ and F ðhknÞ , respectively, overlap at the incident angle i;ðhk½m;nÞ and the exit angle f;ðhk½m;nÞ , the intensity of GISAXS at the angle, I ðhk½m;nÞ , can be further simplified from equation (12) 
where B = jR i =T i j, and v are the phase angle of R i =T i and ðm À nÞq z;l¼1 z 0 , where q z;l¼1 and z 0 are the q z value of the hk1 reflection and the center position of the symmetric structure, respectively. Since the HPL is centrosymmetric, F ðhkmÞ and F ðhknÞ are real. As equation (13) implies, depending on the sign of the cosine term and relative signs of F ðhkmÞ and F ðhknÞ , intensity can show maxima or minima. This suggests that one can determine the relative signs of the two peaks when the sign of the cosine term is known. At the incident angle of i = i;ð10½4;1Þ , which is about 0.26 [designated as solid arrow in Fig. 7(a) ], I ðhk½m;nÞ I m;n = I 4;1 , I 5;2 , I 10;7 and I 11;8 exhibit minima, while I 7;4 and I 8;5 have a maxima in Figs. 7(a) and 7(b). In addition, ( " 1 102) t and (101) t show minima at the incident angle, indicating they each have different phases. For these two reflections, as they are from both the transmitted incident beam, the phase of the cosine term does not affect the determination of their relative phases. Determination of the relative phases of all the other reflections could be done by assuming the sign of the cosine term; when the sign of the cosine term in equation (13) is assumed to be positive, we could determine the signs of reflections hkl = 101, " 1 102, 104, " 1 105, 107, " 1 108, 1 0 10 and " 1 1 0 11 as +, À, À, +, À, +, + and À. In the other case they are +, À, +, À, À, +, À and +. Although the signs of the cosine term could be determined as positive at the incident angle from XR curve fitting, we would rather use the physically reasonable solution after calculating the two possible electron densities with the determined two phase sets. The electron density map of the centrosymmetric structure could be Fourier-synthesized as follows,
Intensities of the diffraction peaks are obtained by averaging intensities between the critical angle of film and substrate. When indices k of all reflections are 0, the calculated electron density map is the same as that projected onto the ac plane. Calculated electron density maps projected onto the ac plane for the two cases are shown in Figs. 8(a) and 8(b) with the realspace model of the HPL in Fig. 8(d) , where polystyrene (PS) is in a darker color. The number of layers in the lattice is six in both Figs. 8(a) and 8(b), and three layers of each have perforations that are the polyisoprene (PI) cylinders in the PS layers (see Fig. 8d ). While electron densities of the perforated PI cylinders would be the same as those of the PI layers, they appear to be lower than the expected value, which is because a limited number of reflections, only the {10l} family, is used in the Fourier synthesis. However, the positions of the perforations and the layered structure of the PI layer are located as expected for hexagonal ABC stacking. For the positive sign of the cosine term (Fig. 8a) , the height of a cylindrical PI perforation (h 1 ) and the thickness of the PI layer (h 2 ) are determined to be 110 and 130 Å , respectively, from the electron density map. The volume fraction of PS, 0.334, is calculated from its measured weight fraction and the densities of PS and PI (1.05 and 0.913 g ml À1 , respectively). As the volume fraction of PS in the hexagonal ABC structure is ½1 À 2=ð3 1=2 Þðr c =aÞ 2 h 1 =ðh 1 þ h 2 Þ, where r c is the radius of a PI perforation, r c =a is 0.273. For the negative sign ( Fig. 8b) ], h 1 and h 2 are 147 and 93 Å , respectively, and r c =a is 0.354. From these values, one can calculate that the interfacial area between the PS and PI phases in the model in Fig. 8(b) is at least two times larger than that in Fig. 8(a) . In one sense, the density map in Fig. 8(b) could be called over-perforation, which is hardly expected because it has a larger interface area and less symmetric layer thicknesses. Based on this argument, the positive sign is more appropriate. While the electron density map needs better resolution, some clues about the shape of the perforation can be obtained from the map: the perforation is not a straight cylinder but rather a 'sandglass' that has a round surface. The size of the perforated hole is smallest at the middle of the PS layer. The shape is consistent to one measured with high-resolution cross-sectional TEM (Park et al., 2006) . As mentioned in x2.1, it is assumed that the amplitudes of the reflections of two-dimensional powder HPL are the same as long as they belong to the same family. The multiplicity of {10l} is 3. With these 24 diffraction peaks, we calculate the three-dimensional electron density map shown in Fig. 9 using equation (14). Perforated PI in white color in Fig. 8(d) appears as cylinders in Fig. 9(a) , although they do not show the same electron density as the PI layers underneath, in light blue. This would be improved if 00l reflections were included in the calculation, since they hold information on the difference of in-plane averaged densities between the perforated and the PI layer. For this, however, both reflectivity and GISAXS have to be corrected for the absolute intensity, or at least their ratio should be determined beforehand, which is beyond the scope of this work. The electron density of PS, in blue, is negative since the obtained electron density map is the density fluctuation about the mean value. The size of the perforated PI calculated from the volume fraction of PI and the thickness of the PI layers corresponds to the yellow color in Figs. 9(b)-9(d), in which the xy plane slices show the location of the perforate cylinders in each ABC layer of the HPL.
Additional characteristic feature of film scattering.
When the incident angle is below the critical angle of films, the evanescent wave with a certain penetration depth propagating parallel to the film surface is expected to generate the diffraction pattern shown in Fig. 7(a) . However, only the vertical Bragg rod-type scattering appears, suggesting that the penetration depth of the evanescent wave is only enough to generate form-factor scattering of the top layer. 
Figure 9
Fourier-synthesized three-dimensional electron density map (a) and slices in the xy plane at z = c/2 (b), z = c/6 (c), and z = Àc/6 (d), the locations of which are indicated by arrows. system is $20 nm, which is shorter than one period of the layer (h 1 + h 2 ), of 24 nm.
Conclusion
We have shown that the diffraction peaks in a thin film could overlap one another as a function of incident angles from the modified Bragg equation taking into account the reflection and the refraction. When the diffraction peaks overlap, diffracted beams destructively or constructively interfere depending on the incident angle, thickness of film, and phase of the peak. We have demonstrated that the phase of the diffraction peaks could be determined from the dynamic feature in GISAXS using IAR-GISAXS measurements.
